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ABSTRACT

Nature’s fractal patterns should, in theory, exhibit some common characteristics as revealed by a number of space missions carried out in
the neighborhood of Earth’s space environment. Here, we show that the overall shape of the multifractal spectrum of galaxies resembles
that of NASA’s Voyager mission observed at the heliospheric boundaries. We have, therefore, employed the same method—grounded on
well-known results from up to one million galaxies in the updated redshift database—to identify a reliable multifractal spectrum of the
distribution of galaxies on cosmological scales. We show that the observed spectrum fits the weighted Cantor set, which serves as a template
for the turbulence observed in the heliosphere. In the universe, this would be indicative of the galaxy distribution’s nonlinear multifractal
scaling. For galaxies receding from the Sun at different distances, the degree of multifractality somewhat varies but is smaller than that inside
the heliosphere. This could be connected to the presence of voids in the large-scale distribution of matter. Some variations from the Hubble
law for the ideal uniform expansion might explain a possible asymmetry of the spectrum. We anticipate that finding nonlinear fractal scaling
laws of galaxies will be a major step toward the ultimate explanation of the matter distribution in the Universe, especially fitting on the
hundredth anniversary of discovery of the first galaxy beyond the Milky Way.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0289242

This study examines if the fractal scaling laws discovered with the
multifractal analysis is offering a plausible explanation of galax-
ies in the visible Universe’s distribution. We demonstrate that the
observed multifractal spectrum is mostly in line with the weighted
Cantor model that is characteristic for laboratory and space tur-
bulence. The universal multifractal function for galaxies is similar
to that discovered by NASA’s Voyager missions in the outer helio-
sphere and even at the heliopause, the outermost heliospheric
boundary, but with smaller degree of multifractality, even though
the underlying physical processes are different.

I. INTRODUCTION

In the eighteen century, Immanuel Kant suggested that some
nebulae might be distant systems of stars, but the first galaxy beyond
the Milky Way Galaxy was discovered only in 1924. In fact, by the

early twentieth century, based on observations using 2.5-m and 5-m
telescopes on Mount Wilson and Palmer Mountain, respectively,
Edwin Hubble has established the view the expanding Universe with
galaxies receding from the Solar System, with velocities roughly pro-
portional to their celestial distances. At present, after the past one
hundred years, one can estimate that even a trillion of galaxies,
(0.2 − 2) × 1012, may exist in the entire Universe. Because of, e.g.,
the problem of dark matter raised nearly half a century ago, not all
the galaxies can admittedly be observed directly, but some fractions
of them are now classified and well cataloged. Anyway, this allows us
to study in more detail the large-scale structure of the distribution of
galaxies in the Universe.

Incidentally, if the infinite Euclidean three-dimensional space
(D = 3) had been filled-up with uniformly distributed celestial bod-
ies and a constant density of mass distribution, this would have led
to the sky lit always near uniformly; this Blazing Sky effect is often
called Olbers’s paradox. Aside with the Newtonian gravitational
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force exerting on the object (immersed in an infinite gravitational
potential) would also been infinite (p. 92 of Ref. 1). Admittedly, this
paradox could be eliminated by relativistic theory and the expanding
Universe. Therefore, despite the discovery of large massive inhomo-
geneous structures with large spatial empty voids, which are com-
mon features of astrophysical observations, the standard cosmolog-
ical model based on the theory of general relativity also employs
a somewhat similar approximation claiming that the Universe is
homogeneous, at least on some very large scales.

However, since the galaxies are actually clustered, the expan-
sion of the Universe is basically compatible not only with standard
homogeneity but also with fractal homogeneity in a hierarchical
fractal cosmology, as postulated by Mandelbrot (Chap. 32 of Ref. 1).
Further, the available data satisfy power law distributions of mass
with various exponents that are substantially lower than three, rang-
ing from a value greater than 1 to about 2, see part III of his seminal
book.1 This would correspond to special values of various fractal
dimensions, D < 3, see the monograph (Chap. 3.3 of Ref. 2 and
Chap. 4 of Ref. 3). Naturally, this fractal approach does not depend
on cosmological models resulting from general relativity, but would
allow for a night dark sky for any scenario of the evolution of the
Universe. Therefore, in this paper, we intend to investigate as to
whether the fractal scaling laws identified now with the multifrac-
tal analysis provide a reasonable explanation of galaxy distribution
in the visible Universe.

By the way, we have recently argued that a simple nonlinear law
could possibly be important for the origin of the Universe result-
ing in fractal or multifractal features (Chap. 3.4 of Ref. 2, Chap. 4 of
Ref. 3). According to the standard model of the evolution of the Uni-
verse, the first stars and galaxies appeared 200 or 400 millions years
after the Big Bang, i.e., much later than the microwave background
light was emitted (400 thousand years). Apparently, the conditions
of these earlier times are imprinted on this light and could possi-
bly forms a backlight for later development of the Universe. But to
find a direct connection between background fluctuations and the
currently observed fractal scaling laws is still far beyond the scope
of the current study. Anyway, the fractal view of galaxy clusters is
supported by luminous radiation data and is consistent with a flat
Universe in thermodynamic equilibrium; in addition, this certainly
satisfies the Copernican principle.

Some simple monofractal distributions of galaxies have been
reported in the astrophysical literature,4,5 including a correlation
dimension calculated to probe homogeneity in the local universe.6

But, it seems that the clustering structures with number N(l) at dis-
tance l are better explained by the multifractal spectrum of dimen-
sions f(α) with N(l) ∝ l−f(α).7,8 The richness of various fractal scaling
behavior has been exploited in Ref. 9. Interestingly, the universal
multifractal function for galaxies is similar to that identified using
magnetic field data collected by NASA’s Voyager missions in the
outer heliosphere10–12 and even at the heliospheric boundaries, upon
entering the very local interstellar medium for the first time in
human history.13 Obviously, cosmological scale are much larger than
those in the space near the Solar System. However, the multifractal
spectrum should exhibit some universal properties,14 we therefore
apply the similar fractal numerical methods here for direct deter-
mination of the multifractal spectrum of distribution of galaxies on
cosmological scales, using the best currently available catalog.15 We

show that the observed multifractal spectrum is basically consistent
with a one-scale Cantor model characteristic for turbulence in space
and laboratory.13,16,17

In Sec. II, a concise description of the best currently available
Updated Redshift Catalog (UZCAT) of the observed galaxies is pro-
vided, while Sec. III (with the multifractal model in SubSec. III B)
outlines modern tools of multifractal analysis. The vital results of
our analysis are presented in Sec. IV, which demonstrates that the
solutions of the weighted Cantor models are in good agreement with
the observed multifractal spectrum in the distribution of galaxies.
Finally, Sec. V emphasizes the significance of the identified frac-
tal scaling laws which could be an important contribution toward
ultimate explanations of the distribution of matter in the visible
Universe.

II. GALACTIC DATA

We have used in our analysis the data of redshifts obtained
from the Smithsonian Astronomical Observatory Telescope Data
Center available from http://tdc-www.harvard.edu/zcat/velocity.
dat.40 Instead of the older CfA catalog with only 359 objects and
the apparent magnitudes m ≤ 14.5, as analyzed in Ref. 18, we have
now looked at the Updated (June 2008) CfA Redshift (Z)CATalog
UZCAT compilation of a million (from a trillion) of various
observed galaxies, see http://tdc-www.harvard.edu/zcat/zcom.htm.41

This catalog originally consisted of various sets of galaxies
(e.g., NZ40, SDSS, 2dF, 6dF, and ZCAT), and later other pub-
lished observed data on some galaxies has been added by the
catalogue authors, e.g.,19–21 ZBIG for higher (>100 000 km s−1) rel-
ativistic velocities.22 However, we have not used velocities with neg-
ative source designations (19 517 observations), which are in private
domain (and hence cannot be used without the owner’s consent).

After all, the data assembled by various authors for studying
the large-scale structure of the Universe are basically complete in
redshift information, but not necessarily in some other terms like
diameter, magnitude, and references. As it is known in statistics
data completeness is a measure of how much essential information
is included in a data set or a model, and describes whether there
are any gaps, missing values, or biases introduced impacting the
results. This property is obviously important, as analysis on incom-
plete data is not meaningful, and the results may be questionable.
It can be tested in various ways, for instance calculating the per-
centage of completeness for individual subsets and the entire data
set, or visualizing the distribution and structure of missing data and
testing/comparing distributions. In our case, however, for individ-
ual smaller sets the percentage of completeness is around 90%–99%,
which is certainly well acceptable, with the lowest completeness in
CfA survey which is only 80%. For the whole set, which is arguably
large, we have systematically used a random data sampling method
to estimate completeness, and the results were very similar.

Hence, the velocities based on the redshift data are the best
available with respect to the quoted measurement errors and the
reliability of the source. Surely, the purpose of this catalog is to be
a complete list of galaxies with radial velocities for mapping and
statistical studies. Incidentally, following remark that users should
remove objects of type > 20, which were misclassified as galaxies,
before using this galaxy catalog, 14 177 observations of VH have been
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omitted. The most frequent type was 25—a plate flaw, stars, and
other misclassifications.

We have used here the radial velocities VH(r) < c, with light
speed c = 299 792 458 m s−1, for a casting cosmological relativistic

redshift z =
√

1+VH/c
1−VH/c

− 1, see e.g.,23 which in a nonrelativistic limit

of VH ≪ c is z ≈ VH/c, can somewhat be corrected for the motion
of the Sun, with the apex velocity of ∼230 km s−1, right ascension
(RA) 18 h 28 m and declination (Dec.) +30 deg (North in galactic
coordinates). Therefore, we have, cf. 22,

VH =

⎧

⎨

⎩

c z for VH ≪ c,

c
(1 + z)2 − 1

(1 + z)2 + 1
otherwise,

(1)

and the heliocentric distance to any galaxy is given by LH

:= c
H0

ln(1 + z) = c
2H0

ln 1+VH/c
1−VH/c

, and for z ≪ 1 is LH ≈ cz
H0

, or

LH ≈ VH/H0, assuming a Hubble parameter (present epoch)
H0 = 70 km s−1 Mpc−1.

Strictly speaking, we have gotten rid of negative (blushifted)
redshifts z, eliminated data gaps (∼50 000 blank velocities), and
removed outliers using the IQR method, which is useful for
skewed data (in contrast to the usual Z-score method), i.e.,
IQR = Q3 − Q1, where Q1,3 are the first and third quartiles corre-
spondingly, and then the outliers are defined as observations falling
below Q1 − 1.5 IQR, or above Q1 + 1.5 IQR. Thus, we have analyzed

the sample of 783 152 observations down to magnitude m ! 29.5
(as limited by the Hubble Space Telescope) and moderate relativis-
tic velocities up to VH/c ≈ 0.72, corresponding to z ≈ 1.46). After
all, one can confirm that for the currently estimated diameter of
the Universe of about 2Rmax ≈ 28.5 Gpc, the maximum receding
velocity in most remote galaxies in the last category denoted by
violet should be Vmax = c tanh(2RmaxH0/c) = 293 018 km s−1 (with
VH/c = 0.98 and a very large redshift zmax = 8.35).

The plot of the distribution on the sky of the selected galax-
ies of UZCAT (Aitoff projection) is illustrated in Fig. 1, for the
following various categories of nearby and more and more dis-
tant remote galaxies: red, blue, magenta, cyan, green, orange, and
violet. We have used here right ascension and declination in the
Galactic (J2000) coordinate system (centered at 0◦ increasing to
the left). In particular, the green and orange groups represent
the well studied regions of the 2dF GRS (initially 100 000, up to
380 000 datapoints) http://www.2dfgrs.net. The SDSS DR3 Survey
https://classic.sdss.org/dr3/24 consists of ∼350 000 galaxies and then
we also have the LCRS and the Century surveys, as extensively stud-
ied by John Huchra and Zwicky. The clusters rely on published
finding charts, and these clusters are standardized by ID’s using
Dressler’s numbers.25

Apparently, the observable universe, with possible hundreds
billion large galaxies, is not randomly distributed. The galaxies form
intricate filaments and other large structures, shaping a web-like pat-
tern that defines the large-scale structure of the cosmos. This pattern

FIG. 1. The sky map of the distribution of different categories of galaxies: red, blue, magenta, cyan, green, orange, and violet depending of the receding speed using the
UZCAT updated (2008) catalog with populations displayed in Table I.
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TABLE I. Values of parameters describing multifractality " and asymmetry A of the spectra for the redshifts from the UZCAT catalog (with their calculated respective standard
deviations) for variously populated categories of distances to remote galaxies (in 103 km s−1).

Galactic Velocity Redshift Population Multifractality Asymmetry
category max max N " (± σ") A ( ± σ A)

Red 5 0.0168 21 556 0.0862 ± 0.0023 0.8817 ± 0.1015
Blue 12 0.0409 77 026 0.0822 ± 0.0013 0.9677 ± 0.1084
Magenta 20 0.0667 115 233 0.1225 ± 0.0023 1.0884 ± 0.1537
Cyan 25 0.0871 85 905 0.0855 ± 0.0026 1.1093 ± 0.1536
Green 40 0.1434 203 561 0.0873 ± 0.0013 0.7793 ± 0.1002
Orange 80 0.3214 192 982 0.1087 ± 0.0018 1.4238 ± 0.0704
Violet ≤ 215 1.4565 86 820 0.1687 ± 0.0019 1.2244 ± 0.0354
Total 783 152 0.1631 ± 0.0022 0.8369 ± 0.0611

reflects the behavior of dark matter and provides insights into the
Universe’s overall structure and evolution. Obviously, differences
in population of each category of galaxies could result in specific
somewhat different fractal and multifractal characteristics. Using
statistical tests, such as MCAR (Missing Completely at Random),
MAR (Missing at Random), and MNAR (Missing Not at Random)
tests, we have verified that a small incompleteness of the redshift
data used in our analysis does not changes the obtained results listed
in Table I.

In Fig. 2, the box plot of various populations for the fol-
lowing categories of the galaxies under study: red, blue, magenta,
cyan, green, orange, and violet is displayed depending on the reced-
ing speed together with the empirical probability density functions
(PDFs), which have been computed using kernel density estimates
(KDEs). All the KDE plots show generally low densities across differ-
ent ranges. They exhibit minor but no dominant peaks, indicating a
multimodal distribution with several small clusters. The data points
appear to be spread out evenly across the ranges, with no significant
concentration. The skewness is well pronounced in the contrasting
cases.

III. FRACTAL ANALYSIS

The basic concepts of fractal sets are elucidated in standard
textbooks.14,26 We only note here that a fractal with the usual mea-
sure of the volume of the set is characterized by self-similarity, which
is described by a single fractal dimension, as discussed in Chap. 3 of
Ref. 14. On the other hand, a multifractal is a more complex object
with a probability measure to visit a fraction of the set (Chap. 9 of
Ref. 14). It can therefore be regarded, in a rough sense, as an inter-
woven family of fractals of different singularity strengths α, whose
relative weights are quantified by the multifractal singularity spec-
trum f(α), see Ref. 27. In particular, its maximum value is simply the
box counting (capacity) dimension. This universal properly has been
tested experimentally for the plethora of systems, also in space.11–13,28

A. Nonlinear fractal characteristics

A comparison of the main characteristics of fractals (with a
usual measure of the volume of a set) and multifractals (with a prob-
ability measure to visit a fraction of the set) has been thoroughly
discussed in Sec. 1 of Ref. 13.

As is known, contrary to ordinary monofractal scaling, basi-
cally two universal functions are characteristic for multifractals.
Namely, for a set consisting of N elements with probability measures
pi(l) associated with a given scale l, the generalized dimension is [see
Eq. (3.14) in Ref. 14]

Dq =
1

q − 1
lim
l→0

log
∑N

i=1 (pi)
q

log l
, (2)

while the multifractal singularity spectrum f(α) as a function of the
singularity strength α [where pi(l) ∝ lαi ] is defined by [Eq. (17.4) of
Ref. 26]

f(α) = lim
ε→0

lim
l→0

log[Nl(α + ε) − Nl(α − ε)]

log 1/l
. (3)

In general, the generalized dimensions Dq are nonlinear functions
of any given real index q and provide important information about
multifractality of the system, see Sec. 3.3 of Ref. 14. Equivalently,
the universal singularity spectrum f(α), with the maximum value at
the box-counting dimension f(α0) = D0 = liml→0 log N/ log l, char-
acterize multifractality of the system under study.26 The line joining
the origin to the point of the information dimension f(D1) = D1

= liml→0

∑N
i=1[pi(l) log(pi(l)]/log(l) is tangent to the shape of the

spectrum. It is worth noting that the generalized dimension Dq,
which is a non-increasing function of q, and the concave down shape
of f(α) as a function of singularity strength α tend to exhibit a simi-
lar form across a variety of physical systems, as illustrated in Fig. 9.1
of Ref. 14, cf. Fig. 3.7 of Ref. 2. These functions, as thoroughly dis-
cussed in Refs. 11 and 12, allow a comparison of the experimental
results with the phenomenological models of turbulence.29,30

In addition to a usual probability measure pi(l), we can also use
the following higher-order pseudoprobability measures associated
with each scale l:

µi(q, l) ≡
p

q
i (l)

∑N
i=1 p

q
i (l)

. (4)

In this way (using a fractal dimension index fi(q, l) ≡ log µi(q, l)/
log l), one can directly calculate the multifractal spectrum as the
average of the pseudoprobability measure µi(q, l) according to
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FIG. 2. The box plot of distribution and probability density functions (PDFs) of
different colored categories of galaxies red, blue, magenta, cyan, green, orange,
and violet depending of the receding speed of the UZCAT updated (2008) catalog
with populations displayed in Table I.

Eq. (4) indicated by the squared brackets ⟨· · · ⟩,31

f(q) ≡ lim
l→0

N
∑

i=1

µi(q, l) fi(q, l) = lim
l→0

⟨log µi(q, l)⟩

log(l)
. (5)

The average value of the singularity strength is given by32

α(q) ≡ lim
l→0

N
∑

i=1

µi(q, l) αi(l) = lim
l→0

⟨log pi(l)⟩

log(l)
. (6)

B. Multifractal model

We have already argued that simple nonlinear or fractal mod-
els provides a useful tool for phenomenological analysis of complex
turbulent media.3,13 For example, the generalized weighted Cantor
set is a simple example of multifractals, as explained, e.g., in the
textbook.26 This model is illustrated in Fig. 2 of Ref. 33. When con-
structing this model with one-scale parameter l1 = l2 := λ ≤ 1/2,
we have the analytical expressions for Dq and f(α).28 Namely, if mea-
sures p and 1 − p are applied to the left and right remaining parts of
a unit interval, the function τ (q) ≡ (q − 1)Dq is given by Eq. (11) in
Ref. 12

τ (q) =
log[pq + (1 − p)q]

log λ
, (7)

and for α(q) = τ ′(q), we have the following formula:

α(q) =
1

log λ

pq log p + (1 − p)q log(1 − p)

pq + (1 − p)q . (8)

Then, using the Legendre transformation, we obtain the explicit
formula for the multifractal spectrum f(α(q)) = qα(q) − τ (q).

However, for a more developed generalized two-scale weighted
Cantor set, we must specify two scales l1 and l2 (l1 ̸= l2), satis-
fying l1 + l2 ≤ 1. In this case, one needs to solve for τ (q) the
transcendental equation, e.g.,14

p
q
1

l
τ (q)
1

+
p

q
2

l
τ (q)
2

= 1, (9)

which is only somewhat more general than the analytical solution
given by Eq. (7). Finally, it is worth to mention that the standard
middle-thirds monofractal Cantor set model is recovered only for
λ = 1/3 and p = 1/2, with D0 = log 2/ log 3.

The difference between the calculated maximum and mini-
mum dimensions, related to the respective regions in the phase
space with the least and most dense probability densities, has been
proposed in Refs. 28 and 33,

" ≡ αmax − αmin = D−∞ − D∞ =

∣

∣

∣

∣

log(1 − p)

log l2
−

log(p)

log l1

∣

∣

∣

∣

, (10)

as a degree of multifractality. Naturally, this parameter " exhibits a
deviation from a strict monofractal self-similarity, and it can also be
used as a degree of intermittency as explained in (Chap. 8 of Ref. 29).
The next quantitative parameter, describing the multifractal scaling,
is the measure of asymmetry of the spectrum defined28

A ≡
α0 − αmin

αmax − α0

, (11)

where α = α0 is the point at which the spectrum has its maximum,
f(α0) = D0. The case when A = 1 (l1 = l2 = 1/2) corresponds to the
one-scale p-model.34

Now, following Ref. 35, the probability measures p(l) depend-
ing on scale l := LH, as discussed in Sec. II, can be constructed
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using observed distribution of galaxies. First normalizing the series
of average numbers of the observed objects n(li) in the ith shell of
radius li, where i = 1, . . . ,N = 2m (e.g., taking m = 17) for j = 2m−k,
k = 0, 1, . . . , m, one defines

p(xj, l) ≡
1

N

j"l
∑

i=1+(j−1)"l

n(li) = pj(l), (12)

where the successive average values ⟨n(li + "l)⟩ are taken over the
intervals between n(li) and li + "l, for each "l = 2k with the total
N number of galaxies in the system.11

One can show that in the inertial range of scales the average
value of the qth moment of p at various scales l should scale as35

⟨pq(l)⟩ ∼ lγ (q), (13)

where the exponent γ is related to the generalized dimension,
γ (q) = (q − 1)(Dq − 1). Using this method, the values of Dq can
be determined from the slopes of log pq(l) vs log l for each real q,
according to Eq. (13). Alternatively, the multifractal function f(α) vs
scaling index α, which exhibits universality of the multifractal scal-
ing behavior, can be obtained using the Legendre transformation. It
is worth noting, however, that we obtain this multifractal universal
function directly from the slopes given in Eqs. (5) and (6), using this
direct method in various situations.11–13,28

IV. RESULTS

Admittedly, with the CfA limited observations, one can only
determine the points near the maximum of f(α).18 One can per-
haps extrapolate these points toward the intercepts at the maximum,
where f(α0) = D0. On the other hand, in our study, based on much
more extensive UZCAT data of redshifted distances presented in
Sec. II, Eq. (1), and using fractal methods described in Sec. III A,
with the multifractal model of Sec. III B, we can now derive a more
reliable multifractal spectrum for the distribution of galaxies in the
Universe.

Therefore, we consider astronomical surveys at different right
ascension (RA) and declination (Dec) values, as seen in Fig. 1. How-
ever, first rather than plotting observations by their exact positions
on the celestial sphere (which would not be particularly insightful),
we show how a given property changes as a function of RA. We
have used this variable as a proxy for time in a series of heliocen-
tric velocities for individual galaxies, treating the 0–24 h range of
RA analogously to a 24-h time period, but now in the J2000 galactic
frame of reference. This plot created using a right ascension (celes-
tial equivalent of longitude) variable is commonly constructed in the
context of observational astronomy when tracking the position of
celestial objects over time. In this approach, the regular rotation of
the Earth is used to map RA values onto observational time.

In this way, Fig. 3 displays differences of successive 2m-step
averages of large-scale fluctuations over a given scale in the receding
redshifted speeds "2mVH (in km s−1) for m = 5, . . . , 12, as orig-
inally proposed for the heliospheric plasma by Burlaga (1993),36

compare Sec. 9.4.2 and Fig. 9.7 in his monograph.35 Naturally, the
clustering of galaxies occurs at scales vastly different from those in
the Solar System. Nevertheless, both systems with hierarchical clus-
tering exhibit intermittent spatial or temporal fluctuations. Those

are generic signatures of systems governed by scale-free, nonlin-
ear dynamics. We recognize, however, that a similar multifractal
spectrum does not necessarily imply a direct physical connection
between these systems.

In our view, both systems self-organize through scale-invariant
processes. Therefore, one can identify patterns or trends, which may
correspond to certain celestial regions or astronomical phenom-
ena. Moreover, any deviations from the ideal linear Hubble law can
provide insights into large-scale structures, peculiar motions, and
evolutionary effects. In particular, we observe some irregular bursty,
spiky, inhomogeneous (aperiodic and asymmetric) features of vary-
ing widths, which are characteristic for multifractal fluctuations in
intermittent turbulence. In most cases, the magnitudes of positive
fluctuations are somewhat greater than those for the negative fluctu-
ations. Because time series for larger scales appear as magnified parts
of the time series for the velocity increments on smaller scales, it
seems that the cosmological fluctuations are self-affine across differ-
ent scales. Hence, we can proceed with the multifractal analysis for
various q values and scales l := LH described in Sec. II, Eq. (1). The
probability measures p(l) as a function of scale l (normalized) are
now constructed according to Eq. (12) for each category, as obtained
using the UZCAT galaxy catalog data shown in Fig. 1.

Next, in Figs. 4 and 5, both average logarithmic probability
⟨log10 pi(l)⟩ and pseudoprobability ⟨log10 µi(q, l)⟩ measures vs log10 l
for all colored categories in the UZCAT catalog are now presented
for the following (positive and negative) values of various q (Val-
ues of q yielding very robust fittings with R2 < 0.975 and r < 0.975
have been rejected, where r denotes the Pearson correlation coef-
ficient). As we see, the calculated slopes can be fitted to linear
functions over a range of scales spanning typically four to even five
orders of magnitude. Hence, similarly to the case of the heliospheric
plasma, cf., 12, 13, and 28, we can obtain the multifractal spectrum
using UZCAT data and compare the observational points with the
weighted one-scale or the two-scale Cantor set models, as discussed
in Sec. III B.

The generalized dimensions Dq as a function of q and the uni-
versal singularity spectrum f(α) as a function of singularity strength
α are shown in Figs. 6 and 7, respectively. The values of Dq and f(α),
as computed from Eqs. (5) and (6), obtained using the UZCAT data
(denoted by boxes) and compared with both Cantor set models, cf.
Fig. 3 of Ref. 33. As expected, Dq decreases with increasing q, consis-
tent with Fig. 9.1 (a) of Ref. 14. In particular, we recover the capacity
f(α0) := D0 = 1.0 and the information dimensions D1 ! 1.0 for the
1-D proxy of the 3D space occupied by galaxies. The empirical val-
ues are in good agreement with the theoretical weighted Cantor set
models.2

To select correctly the model parameters (p1, p2, l1, l2), we have
used the Huber loss metric,37 which combines the MSE and MAE
metrics, to provide a loss function less sensitive to outliers, e.g.,
due to irregular intervals in the time series. Furthermore, Akaike
Information Criterion (AIC38) and Bayesian Information Criterion
(BIC39) were used for model selection to identify the best statistical
representation of the data set. For each model i, we calculated the
difference δi = ICi − ICmin, where ICi is the information criterion
score (AIC/BIC), and ICmin is the minimum information criterion
score among compared models. In all analyzed cases, δi > 10, indi-
cating evidence against the competing model, and confirming that
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FIG. 3. The differences of successive 2m-step averages "2mVH [km s−1] of large-scale speed fluctuations for m = 5, . . . , 12 using observed distribution of galaxies based
on the selected UZCAT data.
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FIG. 4. Generalized average logarithmic probability ⟨log10 pi(l)⟩ depending on log10 l various q using the UZCAT catalog.
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FIG. 5. Generalized average logarithmic pseudoprobability ⟨log10 µi(q, l)⟩ depending on log10 l for various q using the UZCAT catalog.
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FIG. 6. The obtained generalized dimensions Dq as functions of q (colored boxes) for the observation categories of data in the UZCAT catalog (a)–(h) compared with the
one-scale (continuous lines) or the two-scale (dashed lines) weighted Cantor models. The optimal model parameters are noted in the top right corner of each plot.
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FIG. 7. The obtained multifractal measures of the multifractal spectrum f(α) as a function of the singularity strength α (colored boxes) for the various observation data of
the UZCAT catalog (a)–(h) compared with the one-scale (continuous lines) or the two-scale (dashed lines) weighted Cantor models. The optimal model parameters are noted
in the top right corner of each plot.
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the two-scale model provides a better fit. However, because the
simplest model is generally more convenient, it remains incon-
clusive whether both scales are strictly necessary. Further, for the
two-scale Cantor model (as well as for the one-scale model), we have
p1 + p2 = 1 (see also Fig. 3.9 of Ref. 2), so the fragmentation with
probability p1 = p among length l1 is effectively equivalent to the
fragmentation with p2 = 1 − p under l2.

Even though, we have not imposed the condition l1 = l2
:= λ = 1

2
for the one-scale nor l1 + l2 = 1 for the two-scale fits

using Eq. (9), the catalogued observations are nevertheless reason-
ably consistent with the p-model or one-scale symmetric Cantor
set spectrum (continuous lines), with λ = 0.5 and p ≈ 0.45 (i.e.,
p < 1

2
). Naturally, a somewhat better agreement is observed with

the asymmetric two-scale (dashed lines) Cantor set model, which
incorporates parameter p and two different scales l1 and l2 into
the theoretical model given by Eq. (9), while still satisfying the
space-filling condition l1 + l2 = 1. Therefore, it is worth noting that
multifractal behavior is possible, even when the entire supporting
3D space (D0 + 2 with D0 = 1) is filled with galaxies, but with vary-
ing probabilities. Only in the special case p = 1

2
does multifractality

disappear (" = 0). Anyway, these values of 1D proxy are fitted to
the theoretical solutions of Eq. (7), especially for q > 0 (left part of
the spectrum, where more densely occupied fragments are magni-
fied) and still somewhat less clearly for q < 0 (right side, where the
galaxies occur with lower probability).

However, the degree of multifractality, which quantifies the
deviation from a strictly monofractal behavior, " = 0.1 − 0.15 is
substantially smaller than that observed inside the heliosphere
" = 0.3 − 0.7, yet larger than in nonmultifractal (" ≈ 0) and rel-
atively quiescent non-intermittent regions of the very local inter-
stellar medium (VLISM) after Voyager 1 crossed the heliospheric
boundaries (at ∼122 AU) in 2012, see Ref. 13. These small values of
" suggest fractal rather than multifractal behavior in the galaxy dis-
tribution. However, the number of the catalogued galaxies is much
smaller than the estimated total number of galaxies in the entire
Universe. Therefore, the ultimate answer as to whether the actual
galaxy distribution is compatible with fractal or multifractal homo-
geneity must be deferred to future investigations. Meanwhile, the
parameters p ≈ 0.45 and λ = 1

2
for the one-scale model appear to

be related to the presence of voids in the large-scale distribution
of matter. In particular, the calculated slightly asymmetric spectra
with A = 0.9 − 1.4 for two-scale weighted Cantor set model (A ̸= 1)
could be related to the deviation from Hubble’s law in a uniformly
expanding Universe.

Therefore, we have also calculated the multifractal parameter
" and asymmetry A, with their calculated respective standard devia-
tions, using Eqs. (10) and (11) in the observed Universe as a function
of distance for all the categories: red, blue, magenta, cyan, green,
orange, and violet, which are provided in Table I. To calculate the
standard deviations σ" and σA for these parameters, we have used
the bootstrapping method. This method works by repeatedly resam-
pling the original time series (e.g., 100 times) with replacement and
re-running the entire analysis for each resampled data set. By build-
ing a resulting distribution that yields 100 different estimates of the
multifractality " and asymmetry A, we can then compute the stan-
dard deviations σ of these distributions to obtain the corresponding
standard errors.

The obtained differences listed in Table I vary slightly (from 0.1
to 0.12) for nearby galaxies (" ≃ 0.09) and for more distant galaxies
(" ≃ 0.12) receding from our Solar System. This variation should be
attributed to differences in the population of receding galaxies across
various categories according to their distances. In the violet subset, a
somewhat higher multifractality parameter, " = 0.17, follows from
higher—but still moderate—relativistic redshifts, z > 0.3. However,
we note that for ultra-relativistic speeds, corrections from general
relativity should be considered, which could make the results some-
what dependent on the chosen cosmological model. The parameter
p ≈ 0.45 (λ = 1

2
) for the one-scale model is apparently related to the

presence of voids in the large-scale distribution of matter. A pos-
sible asymmetry (A ≈ 0.8) of the total spectrum for the two-scale
weighted Cantor set (A ̸= 1) could admittedly be attributed to devi-
ations from Hubble’s law for the ideally uniform expansion of the
Universe.

V. CONCLUSIONS

Based on a sample consisting of various categories of about
800 000 galaxies taken from the UZCAT catalog, as highlighted by
colors and letters in Fig. 1, for the large-scale distribution of all galax-
ies existing in the observable Universe, we have studied intermit-
tent self-affine multifractal fluctuations in the average heliocentric
(relativistic redshifted) velocities, as presented in Fig. 3.

Basically, using the calculated slopes depicted in Fig. 4 and
the one-scale and two-scale weighted Cantor set models, we have
ultimately obtained the generalized dimensions and the universal
multifractal spectrum shown in Figs. 6 and 7. It is worth noting
that the observed multifractal spectrum for lower redshifts does not
very much depend on any specific model of general relativity or any
particular scenario of the evolution of the Universe, but is based
solely on direct and comprehensive analysis of redshifted distances
from the best currently available catalog of observed galaxies. In
this way, we have provided new supporting important evidence that
the large-scale galaxy distribution most probably exhibits multifrac-
tal structure consistent with the weighted one- or two-scale Cantor
set model. One may further speculate that the model parameters
p < 1

2
(λ = 1

2
) of Eq. (7) with " of Eq. (10) are apparently related to

some voids in the large-scale distribution of matter in the Universe,
assuming that these voids are not caused by dark matter.

Because of the differences in the populations of various classes
of galaxies, the degree of multifractality " of the spectrum varies
slightly between 0.09 and 0.12 for increasingly distant, receding
regions, as listed in Table I. In particular, a somewhat higher value of
0.17 follows from higher, though still moderate relativistic, redshifts.
A possible asymmetry A ∼ 3

4
of the total spectrum may result from

the deviations from the ideal Hubble’s law. However, the degree
of multifractality is rather small, " ! 0.2, as obtained for admit-
tedly only a tiny fraction of all possibly existing galaxies. Hence,
one is still not able to give any definitive answer whether the galax-
ies in the entire Universe should actually exhibit multifractal or
even a simple fractal distribution, as has already been suggested in
Ref. 1.

On the occasion of the hundredth anniversary of the discov-
ery of the first galaxy beyond the Milky Way, however, we are still
hoping for the discovery of fractal scaling laws for galaxies may be a
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valuable addition to the ultimate explanations of the distribution of
matter in the Universe.
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